This paper presents free vibration of composite beams under axial load using a four-unknown shear and normal deformation theory. The constitutive equation is reduced from the 3D stress-strain relations of orthotropic lamina. The governing differential equations of motion are derived using the Hamilton's principle. A two-node C 1 beam element is developed by using a mixed interpolation with linear and Hermite-cubic polynomials for unknown variables. Numerical results are computed and compared with those available in the literature and commercial finite element software (ANSYS and ABAQUS). The comparison study illustrates the effects of normal strain, lay-ups and Poisson's ratio on the natural frequencies and load-frequency curves of composite beams.
Introduction
Due to the attractive properties of strength, stiffness, and lightness, composite structures become popular in several applications of aerospace, automotive, civil engineering, etc. In particular, composite beams are widely used and thus many beam theories have been proposed to predict their free vibration and dynamic response. Finite element models originally developed for solid mechanics and mainly for isotropic beams have been extended to laminated composite ones by many authors and only some of them are referenced here ([1-6] ). More details can be found in recent review by Sayyad and Ghugal [7] . These models provide reasonably accurate results for the structural response of thin to moderately thick composite beams. Because of the low shear moduli of composite materials, the effect of shear deformation is expected to be much more pronounced in composite beams than in the homogeneous ones. In order to obtain more accurate results for the free vibration analysis of composite beams, many investigators have used either the first-order [8, 9] or higher-order beam theories ( [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] ). However, these mentioned studies do not take into account the effect of normal strain which can be significant for thick composite beams. This effect can be included when both variations of in-plane and out-of-plane displacements are assumed to be higher-order through the beam depth. These beam models are normally called quasi-3D theory. Carrera et al. ( [20] [21] [22] ) proposed a novel unified approach called Carrera Unified Formulation, in which the effects of shear and normal deformation were automatically included to investigate free vibration of composite beams. These effects were also taken into account by Matsunaga [23] to analyse vibration and buckling responses of cross-ply simply-supported beams using Navier solution. Vidal and Polit [24] used sinus finite elements with normal stress for vibration of multilayered beams. Recently, Mantari and Canales [25, 26] derived the Ritz solution for vibration and buckling analysis of composite beams based on a generalized quasi-3D theory. It should be noted that above studies [23] [24] [25] [26] do not consider the Poisson effect, which needs to be included to predict accurately behaviour of composite beams with general lay-ups [27, 28] . Marur and Kant [29] formulated a higher order beam theory, which included shear and normal strain and derived isoparametric 1D finite element for vibration of angle-ply beams. Li et al. [30] investigated the influences of shear, normal strain and Poisson effect on vibration of simply-supported composite beams using Navier solution. Apparently, this complicated problem for composite beams with arbitrary lay-ups for various boundary conditions is under-researched. This paper, which is extended from previous research [31, 32] , presents a free vibration of composite beams under axial load. It is based on a quasi-3D theory, in which in-plane and out-of-plane displacements are assumed to be third-order and second-order polynomial through the beam depth.
Thus, it has parabolic distribution of the shear strain and includes the normal strain effect. The constitutive equation is reduced from the 3D stress-strain relationship of an orthotropic lamina. The governing differential equations of motion are derived using the Hamilton's principle. A two-node C 1 beam element is develop to solve the problems. Several numerical examples are carried out and compared with those available in the literature and commercial finite element software (ANSYS and ABAQUS). The effects of normal strain, lay-ups, Poisson's ratio and span-to-height ratios on the natural frequencies and load-frequency curves of composite beams are investigated.
Theoretical Formulation

Kinetic and constitutive equations
A composite beam with rectangular cross-section b × h and length L is shown in Fig. 1 . It is composed of orthotropic multilayers with fibre angle with respect to the x-axis. The in-plane and outplane displacements are assumed to be third-order and second-order polynomial through the beam depth [31] [32] [33] :
where u, w b , w s and φ z are four unknown displacements of the mid-plane of the beam.
The axial, normal and shear strains are given by:
The stress-strain relationship of a k th orthotropic lamina are given by:
where
where Q ij are the transformed reduced stiffness constants [34] . It should be noted that if the Poisson effect is neglected, Q * ij is replaced by Q ij in stress-strain relationship.
Variational formulation
The variation of the strain energy δU of the system:
The variation of the work done δV by the axial load P 0 :
The variation of the kinetic energy δK of the system:
The weak form is derived by using Hamilton's principle:
Solution procedure
A two-node C 1 beam element with six degree-of-freedom per node is developed. A mixed interpolation, which is linear polynomial Ψ j for u and φ z and Hermite-cubic polynomial ψ j for w b and w s is used. The displacements within an element are expressed as:
By substituting the above displacements into the weak form, Eq. (10), the finite element model can be obtained:
and {∆} = {u w b w s φ z } T is the eigenvector of nodal displacements corresponding to an eigenvalue.
Numerical Examples
Several numerical examples are carried out in this section to verify the accuracy of present theory.
The effects of normal strain, lay-ups, Poisson's ratio and span-to-height ratios (L/h) on the natural frequencies and load-frequency curves of composite beams are investigated. Various boundary conditions including clamped-free (C-F), simply-supported (S-S) and clamped-clamped (C-C) beams are considered. Material properties of these examples are given in Table 1 . For convenience, the following non-dimensional parameters are used:
for Material 2, 3 and 6
and the relative error (%):
where R with and R without are the natural frequency obtained with and without the Poisson effect. [14] , Hyperbolic Shear Deformation Beam Theory (HSDBT) [18] ) and quasi-3D theory [24] (refined sinus model denoted SinRef-7p) as well as two commercial finite element softwares (ABAQUS [13] and ANSYS [24] ). The differences between the results calculated by the present model and previous studies are very small. Obviously, as the axial load increases, the frequencies decrease. This happens more quickly when axial load reaches the critical buckling load (Fig. 2) . The buckling occurs around P = 2.92×10 9 N, 6.48×10 9 N and 8.45×10 9 N for C-F, S-S and C-C beams, which correspond to zero natural frequency. DBT) ( [15, 17] ) and quasi-3D theories [24, 36] in Table 7 . A good agreement between the present results and those of previous studies can be seen. Due to normal strain effect, for [0
the present model generally gives slightly lower results than PSDBT. The effect of axial load on the natural frequencies is noticeable ( Table 8 ). The frequencies decrease when the axial load changes from tension to compression. . The natural frequencies of these beams are compared with those based on a quasi-3D theory [30] and elasticity equations using the state-space-based differential quadrature (SSDQM) [28] in Tables 9 and 10 . It should be noted that both studies [28, 30] considered Poisson effect. Again, it can be seen that the present results agree well with previous studies especially with quasi-3D theory [30] and ANSYS. The natural frequencies and buckling loads decrease with the increase of fibre angle.
Comparing the present results with and without the Poisson effect, there is negligible difference when θ = 0 • and 90 • . However, as fibre angle changes, a significant difference is observed and the former results are smaller than latter ones. The relative errors, which are defined in Eq. (15), for two layups, are plotted in Fig. 3 . For L/h = 15, Poisson effect is stronger for angle-ply than unsymmetric lay-up, which confirm the importance of this effect for analysing composite beams. The maximum relative error is about 93.80% corresponding to θ = 35 • . As expected, all natural frequencies decrease when the axial load changes from tension to compression, except some third modes of angle-ply layup corresponding to axial mode (Tables 11 and 12 ). The first three mode shapes of angle-ply and unsymmetric beams with θ = 45 • are presented in Fig. 4 . It can be seen that the normal strain effect is more pronounced for unsymmetric than angle-ply lay-up. All three modes of unsymmetric lay-up are fourfold coupled mode (axial, bending, shear and stretching components).
Example 4: The validity and accuracy of the present theory is further investigated for sandwich beams with soft core made of three layers [0 • /Core/0 • ]. The thickness of each face is 0.1h and of core is 0.8h. The results are compared with those using higher order zigzag theory (HZZT) [37, 38] in Table 13 . It is observed that the solutions of the two approaches are in excellent agreement with small discrepancy even for L/h=5. The crtical buckling loads are also given in Table 14 . They have not been reported before and could be served as benchmark examples for future references.
Conclusions
A two-noded C 1 beam element is developed for free vibration of axially loaded composite beams using a quasi-3D theory. Composite beams with various configurations including boundary conditions, span-to-height ratio and lay-ups are considered. Effects of shear, normal deformation and Poisson's ratio as well as anisotropy coupling should be simultaneously considered for the analysis of composite beams. Poisson effect is more pronounced for angle-ply than unsymmetric lay-up. The proposed beam model is found to be simply and efficient for vibration and buckling analysis of composite beams.
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